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INTEGRALITY OF NEARLY (HOLOMORPHIC) SIEGEL
MODULAR FORMS
By Takashi Ichikawa
Abstract. In order to considering the integrality of nearly holomorphic (vector-valued)
Siegel modular forms, we introduce nearly Siegel modular forms and study their inte-
grality. We show that the integrality of nearly Siegel modular forms in terms of their
Fourier expansion implies the integrality of their CM values. Furthermore, we show
that there exists a one-to-one correspondence between integral nearly Siegel modular
forms and integral nearly holomorphic ones. By these results, the integrality of CM
values holds for nearly holomorphic Siegel modular forms and for nearly overconvergent
p-adic Siegel modular forms.
1. Introduction. Shimura’s work (summarized in [26]) on nearly holomor-
phic vector-valued modular forms of several variables is a fundamental theory to
study the arithmetic of modular forms and L-functions. For example, he applied
his theory to show the algebraicity of special values of the L-functions associ-
ated with Hecke characters and modular forms. In [18, 19, 20], Katz gave a
perspective of constructing p-adic version of Shimura’s theory, and realized this
perspective in the elliptic and Hilbert modular cases based on the rationality of
CM values for arithmetic modular forms. Recently, similar results are given by
Eischen [6, 7] for the unitary modular case (see also [13]).
The purpose of this paper is to study the integrality and p-adic property
of CM values for nearly holomorphic (vector-valued) Siegel modular forms (of
degree > 1 and level ≥ 3). For this purpose, it is natural to introduce nearly
Siegel modular forms which are an algebraic version of nearly holomorphic Siegel
modular forms. Nearly Siegel modular forms are considered in Darmon-Rotger [5,
Section 2] and Urban [28] in the elliptic modular case, and are defined as global
sections a vector bundle arising from the de Rham bundle over the Shimura
model of a Siegel modular variety. The advantage point to considering nearly
Siegel modular forms is that we can define such modular forms over a ring and
study their integrality. We construct their arithmetic Fourier expansion satisfying
the q-expansion principle. Therefore, one can determine the integrality of nearly
Siegel modular forms by their Fourier expansion.
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Furthermore, we consider the analytic and p-adic realizations of nearly Siegel
modular forms. The Hodge decomposition of the de Rham bundle gives the an-
alytic realization of nearly Siegel modular forms as nearly holomorphic Siegel
modular forms, and the unit root splitting (cf. [20, 1.11]) gives the p-adic real-
ization of nearly Siegel modular forms as p-adic Siegel modular forms. The key
result of this paper states, roughly speaking, the following:
Theorem (see Theorem 3.4 for the precise statement). The analytic re-
alization map gives an isomorphism between the spaces of integral nearly Siegel
modular forms and of integral nearly holomorphic Siegel modular forms with same
weight.
By this theorem and the theory of nearly Siegel modular forms, one can see
that the q-expansion principle and the integrality of CM values hold for nearly
holomorphic Siegel modular forms. Further, we show that the p-adic realization
map gives an injection from the space of nearly holomorphic Siegel modular
forms into that of nearly overconvergent p-adic Siegel modular forms. It seems
interesting to study the classicity problem, namely characterizing the image of
the p-adic realization map based on results of Andreatta-Iovita-Pilloni [1].
The organization of this paper is as follows.
In Section 2, we define nearly Siegel modular forms as global sections of an
automorphic de Rham bundle which is an extension of an automorphic Hodge
bundle on the Shimura model of a Siegel modular variety. We show fundamental
properties of the space of nearly Siegel modular forms of fixed weight, for example
that this space is finitely generated and has the arithmetic Fourier expansion
satisfying the q-expansion principle.
In Section 3, we give the analytic realization of nearly Siegel modular forms
as nearly holomorphic Siegel modular forms. According to Shimura’s theory, we
define the integrality of nearly holomorphic Siegel modular forms by their Fourier
expansion, and show the above key result with application to their integrality of
CM values.
In Section 4, we give the p-adic realization of nearly Siegel modular forms
as p-adic Siegel modular forms. We show that this realization map becomes the
composite of the analytic realization map and a linear map preserving p-ordinary
CM values between the spaces of nearly holomorphic and overconvergent Siegel
modular forms. Furthermore, we give examples of Siegel-Eisenstein series.
2
2. Nearly modular forms
2.1. Representation of classical groups. Let V be a 2g-dimensional vec-
tor space with symplectic form, and W be its anisotropic subspace of dimension
g. Then GLg = GL(W ) is a general linear group of rank g which is contained in
a symplectic group Sp2g = Sp(V ) of rank g as
GLg ∼=
{(
A O
O tA−1
)
∈ Sp2g
∣∣∣∣ A ∈ GLg} .
Let Bg be the Borel subgroup of GLg consisting of upper-triangular matrices,
and B2g denote the Borel subgroup of Sp2g given by{(
A ∗
O tA−1
)
∈ Sp2g
∣∣∣∣ A ∈ Bg} .
Then the maximal torus Tg ⊂ Bg of GLg becomes that of Sp2g, and Zg is iden-
tified with the group X(Tg) of characters of Tg as t1 0 00 . . . 0
0 0 tg
 7→ tκ11 · · · tκgg
for (κ1, ..., κg) ∈ Zg. Then
X+(Tg) = {(κ1, ..., κg) ∈ Zg | κ1 ≥ · · · ≥ κg ≥ 0}
becomes the set of dominant weights with respect to B2g. Let κ be an element
of X+(Tg) which is naturally regarded as regular functions on Bg and on B2g.
Then
Wκ := Ind
GLg
Bg
(−κ) = {φ ∈ Γ (OGLg) ∣∣ φ(ab) = κ(b)φ(a) (b ∈ Bg)} ,
Vκ := Ind
Sp2g
B2g
(−κ) = {ψ ∈ Γ (OSp2g) ∣∣ ψ(ab) = κ(b)ψ(a) (b ∈ B2g)}
are representation spaces of GLg, Sp2g by
φ(a) 7→ (α · φ)(a) = φ(α−1a) (φ ∈ Wκ, α ∈ GLg) ,
ψ(a) 7→ (α · ψ)(a) = ψ(α−1a) (ψ ∈ Vκ, α ∈ Sp2g)
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respectively. The duals W ∗κ (resp. V
∗
κ ) of Wκ (resp. Vκ) are called the universal
representations of highest weight κ (cf. [16, 5.1.3 and 8.1.2]), and hence the
highest weight of Wκ (resp. Vκ) are (−κg, ...,−κ1) (resp. κ). By construction,
Wκ, Vκ give rational homomorphisms of GLg, Sp2g respectively over any base
ring, and for each h ∈ Z, Wκ−h(1,...,1) ∼= Wκ⊗det⊗h. Over a field of characteristic
0, W ∗κ (resp. V
∗
κ ) are realized as direct summands of certain tensor products
of W (resp. V ) associated with κ, and hence Wκ can be regarded as a direct
summand of V ∗κ
∼= Vκ.
If a linear map π : V → W satisfies that W →֒ V pi→ W is the identity map
on W and that Ker(π) is anisotropic for the symplectic form on V , then π gives
a decomposition V = W ⊕ Ker(π) compatible with the symplectic form. This
decomposition induces an inclusion GLg →֒ Sp2g, and hence by the associated
pullback, one has a ring homomorphism Γ
(OSp2g) → Γ (OGLg) which gives a
GLg-equivariant map Vκ →Wκ.
2.2. Modular variety. We review results of Chai and Faltings [8] on
the moduli space of abelian varieties and its compactifications. For positive
integers g and N , let ζN be a primitive Nth root of 1, and Ag,N be the moduli
stack classifying principally polarized abelian schemes of relative dimension g
with symplectic level N structure. Then Ag,N is a smooth algebraic stack over
Z [1/N, ζN ] of relative dimension g(g + 1)/2, and becomes a fine moduli scheme
if N ≥ 3. Furthermore, the associated complex orbifold Ag,N(C) is represented
as the quotient space Hg/Γ(N) of the Siegel upper half space Hg of degree g by
the integral symplectic group
Γ(N) =
{
γ =
(
Aγ Bγ
Cγ Dγ
)
∈ Sp2g(Z)
∣∣∣∣ Aγ ≡ Dγ ≡ 1g mod(N)Bγ ≡ Cγ ≡ 0 mod(N)
}
of degree g and level N which acts on Hg as
Hg ∋ Z 7→ γ(Z) = (AγZ +Bγ) (CγZ +Dγ)−1 ∈ Hg (γ ∈ Γ(N)) .
Let π : X → Ag,N be the universal abelian scheme with 0-section s, denote by
E the Hodge bundle of rank g defined as π∗
(
Ω1X/Ag,N
)
= s∗
(
Ω1X/Ag,N
)
, and by
ω = det(E) the Hodge line bundle.
For a smooth and GL (Zg)-admissible polyhedral cone decomposition of the
space of positive semi-definite symmetric bilinear forms on Rg, Chai and Faltings
[8, Chapter IV] construct the associated smooth compactification Ag,N of Ag,N ,
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and the semi-abelian scheme G with 0-section s over Ag,N extending X → Ag,N .
Then ω = det
(
s∗
(
Ω1
G/Ag,N
))
is an extension of ω = det (E) to Ag,N , and
A∗g,N = Proj
(⊕
h≥0
H0
(Ag,N , ω⊗h)
)
is a projective scheme over Z [1/N, ζN ] called Satake’s minimal compactification.
It is shown in [8, Chapter IV, 6.8] that any geometric fiber of Ag,N is irreducible,
and hence Ag,N has the same property.
Assume that N ≥ 3. Then A∗g,N contains Ag,N , and its complement has a
natural stratification by locally closed subschemes, each of which is isomorphic
to Ai,N (0 ≤ i ≤ g − 1). Therefore, the relative codimension
codimZ[1/N,ζN ]
(A∗g,N −Ag,N , A∗g,N)
over Z [1/N, ζN ] of A∗g,N −Ag,N in A∗g,N becomes
g(g + 1)
2
− (g − 1)g
2
= g
which is greater than 1 if g > 1. Furthermore, there is a natural morphism
Ag,N → A∗g,N (which is an isomorphism if g = 1) extending the identity map on
Ag,N such that ω is the pullback by this morphism of the tautological line bundle
ω∗ on A∗g,N .
2.3. CM point. Let ϕ : S → Ag,N be a morphism of schemes over
Z [1/N, ζN ] which becomes a R-rational point on Ag,N if S = Spec(R) for a
Z [1/N, ζN ]-algebra R. Then as the associated object, there is an abelian scheme
X over S with principal polarization λ and symplectic level N structure σ. A
test object (resp. an extended test object) over S associated with a morphism
ϕ : S → Ag,N is the above (X, λ, σ) together with basis of regular 1-forms
on X/S (resp. basis of H1DR(X/S)). By definition, any element of Mρ(R) is
evaluated as an element of OdS at each test object over an R-scheme S, where
this evaluation is functorial on S and equivariant for ρ under base changes of
regular 1-forms.
For a field extension k of Q(ζN ), a k-rational point α on Ag,N corresponding
to a CM abelian variety X is called a CM point over k if the following conditions
hold:
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• The endomorphism Q-algebra Endk(X)⊗Q is isomorphic to the direct sum⊕
i Li, where Li are CM fields, i.e., totally imaginary quadratic extensions
of totally real number fields Ki.
• There are algebra homomorphisms ϕi : Li ⊗ k → Ki ⊗ k such that
x⊗ y 7→ (ϕi(x⊗ y), ϕi (ιi(x)⊗ y)) (x ∈ Li, y ∈ k)
give rise to isomorphisms Li ⊗ k ∼→ Ki ⊗ k ⊕Ki ⊗ k, where ιi denotes the
involution of Li over Ki.
Note that any CM abelian variety can be defined over a number field, and has
potentially good reduction at all finite places. Therefore, for any CM point α on
Ag,N and any rational prime p, there is an (extended) test object α˜ associated
with α over an algebra which is a finite Z(p)-module, where Z(p) denotes the
valuation ring of Q at p.
2.4. Modular forms. In what follows, we assume that
g > 1, N ≥ 3.
First, following [10, 2.2.1] we give the process of twisting a locally free sheaf
by a linear representation. Let X be a scheme, and F be a locally free sheaf
on X of rank n. Take {Ui}i∈I be an open cover of X trivializing F . Then
the natural isomorphism F|Ui∩Uj ∼= F|Uj∩Ui gives rise to the transition function
gij ∈ GLn
(OX |Ui∩Uj) satisfying the cocycle condition. Let ρ : GLn → GLm be
a rational homomorphism over a Z-algebra R. Then we construct a locally free
OX⊗R-module Fρ on X⊗R as Fρ|Ui = ((OX ⊗ R) |Ui)m, where the isomorphism
Fρ|Ui∩Uj ∼= Fρ|Uj∩Ui is given by ρ(gij) ∈ GLm
(
(OX ⊗R) |Ui∩Uj
)
.
For a Z [1/N, ζN ]-algebraR, a positive integer d and a rational homomorphism
ρ : GLg → GLd over R, let Eρ be the locally free sheaf on
Ag,N ⊗R = Ag,N ⊗Z[1/N,ζN ] R
obtained from twisting the Hodge bundle E by ρ. If ρ is obtained from κ ∈ Zg,
then we put Eκ = Eρ, and denote this rank d by d(Eκ).
Definition 2.1. Let R be a Z [1/N, ζN ]-algebra. For a rational homomor-
phism ρ : GLg → GLd over R, we put
Mρ(R) = H0 (Ag,N ⊗ R,Eρ) ,
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and call these elements Siegel modular forms over R of weight ρ (and degree g,
level N). If ρ = ω⊗h : GLg → Gm, then we put Mh(R) = Mω⊗h(R), and call
these elements of weight h. More generally, for an R-module M , the space of
Siegel modular forms with coefficients in M of weight ρ is defined as
Mρ(M) = H0 (Ag,N ⊗R,Eρ ⊗R M) .
We consider the case where R = C. For each Z ∈ Hg, let
XZ = Cg/(Zg + Zg · Z)
be the corresponding abelian variety over C, and (u1, ..., ug) be the natural co-
ordinates on the universal cover Cg of XZ . Then E is trivialized over Hg by
du1, ..., dug. For γ =
(
Aγ Bγ
Cγ Dγ
)
∈ Γ(N),
XZ ∼→ Xγ(Z); t(u1, ..., ug) 7→ (CγZ +Dγ)−1 · t(u1, ..., ug),
and hence γ acts equivariantly on the trivialization of E over Hg as the left
multiplication by (CγZ +Dγ)
−1. Therefore, γ acts equivariantly on the induced
trivialization of Eρ over Hg as the left multiplication by ρ (CγZ +Dγ)−1. Then
f ∈ Mρ(C) is a complex analytic section of Eρ on Ag,N(C) = Hg/Γ(N), and
hence is a Cd-valued holomorphic function on Hg satisfying the ρ-automorphic
condition:
f(Z) = ρ (CγZ +Dγ)
−1 · f (γ(Z))
(
Z ∈ Hg, γ =
(
Aγ Bγ
Cγ Dγ
)
∈ Γ(N)
)
which is equivalent to that f (γ(Z)) = ρ (CγZ +Dγ) · f(Z). Furthermore, the
value of f at a test object (X, λ, α;w1, ..., wg) over a subfield k of C becomes
ρ(G) · f(Z) ∈ kd, where t(du1, ..., dug) = G · t(w1, ..., wg).
Let ι : Ag,N →֒ A∗g,N be the natural inclusion, and let E∗ρ be the direct image
(or pushforward) ι∗ (Eρ) which is defined as a sheaf on A∗g,N ⊗R satisfying that
E∗ρ(U) = Eρ (ι
−1(U)) for open subsets U of A∗g,N ⊗ R. This implies immediately
that
Mρ(R) = H0
(A∗g,N ⊗ R,E∗ρ) .
Furthermore, based on that codimZ[1/N,ζN ]
(A∗g,N −Ag,N , A∗g,N) > 1, Ghitza [11,
Theorem 3] proved that E∗ρ is a coherent sheaf on A∗g,N ⊗ R. From this fact, it
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is shown in [15, Theorem 1] that Mρ(R) is a finitely generated R-module, and
that Mρ(C) consists of Cd-valued holomorphic functions on Hg satisfying the
ρ-automorphic condition.
2.5. Fourier expansion. Let qij (1 ≤ i, j ≤ g) be variables with symmetry
qij = qji. Then in [24], Mumford constructs a semi-abelian scheme formally
represented as
(Gm)
g/ 〈(qij)1≤i≤g | 1 ≤ j ≤ g〉; (Gm)g = Spec
(
Z
[
x±11 , ..., x
±1
g
])
over
Z
[
q±1ij (i 6= j)
]
[[q11, ..., qgg]] .
This becomes an abelian scheme which is called Mumford’s abelian scheme over
Z
[
q±1ij (i 6= j)
]
[[q11, ..., qgg]] [1/q11, ..., 1/qgg]
with principal polarization corresponding to the multiplicative form
((a1, ..., ag), (b1, ..., bg)) 7→
∏
1≤i,j≤g
q
aibj
ij
on Zg ×Zg. Hence for each 0-dimensional cusp c on A∗g,N , this polarized abelian
scheme over
Rg,N = Z
[
1/N, ζN , q
±1/N
ij (i 6= j)
] [[
q
1/N
11 , ..., q
1/N
gg
]]
[1/q11, ..., 1/qgg]
has the associated symplectic level N structure, and ωi = dxi/xi (1 ≤ i ≤ g)
form a basis of regular 1-forms. Taking the pullback by the associated morphism
Spec (Rg,N)→ Ag,N , E is trivialized by the basis ω1, ..., ωg, and hence Eρ is also
trivialized over Spec (Rg,N ⊗ R) = Spec
(Rg,N ⊗Z[1/N,ζN ] R). In what follows, we
fix such a trivialization:
Eρ ×Ag,N⊗R Spec (Rg,N ⊗R) = (Rg,N ⊗ R)d .
Then for an R-module M , the evaluation on Mumford’s abelian scheme gives a
homomorphism
Fc :Mρ(M)→
(Rg,N ⊗Z[1/N,ζN ] M)d
which we call the Fourier expansion map associated with c. Furthermore, it is
shown in [15, Theorem 2] that Fc satisfies the following q-expansion principle:
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If M ′ is an R-submodule of M and f ∈Mρ(M) satisfies that
Fc(f) ∈
(Rg,N ⊗Z[1/N,ζN ] M ′)d ,
then f ∈Mρ(M ′).
This result was already shown by Harris [12, 4.8, Theorem] in the case where M
is a field extension of a field M ′ containing Q(ζN ).
Assume that M = C and c is associated with
√−1∞. Then by the substi-
tution qij = exp
(
2π
√−1zij
)
for Z = (zij)i,j ∈ Hg, Mumford’s abelian scheme
becomes XZ , and hence Fc becomes the analytic Fourier expansion map times
ρ
(
2π
√−1 · 1g
)
. Since each f(Z) ∈ Mρ(C) is a Cd-valued holomorphic function
of Z ∈ Hg and is invariant under Z 7→ Z +N · I for any integral and symmetric
g × g matrix I, and hence
Fc(f) =
∑
T
a(T ) · exp (2π√−1tr(TZ)/N) =∑
T
a(T ) · qT/N (a(T ) ∈ Cd) ,
where T = (tij)i,j runs over half-integral symmetric g × g matrices, and
q
T/N =
∏
1≤i<j≤g
(
q
1/N
ij
)2tij ∏
1≤i≤g
(
q
1/N
ii
)tii
.
Furthermore, as is shown in the Cartan Seminar 4-04, a(T ) = 0 if T is not
positive semi-definite.
2.6. Nearly modular forms. Let H1DR (X /Ag,N) be the sheaf of de Rham
cohomology groups of X /Ag,N , and define the de Rham bundle as
D = R1DRπ (X /Ag,N) = π∗
(H1DR (X /Ag,N))
which is a locally free sheaf on Ag,N of rank 2g with canonical symplectic form.
Then one has a canonical exact sequence
0→ E→ D→ D/E→ 0,
and the quotient D/E is locally free of rank g. The Gauss-Manin connection
∇ : D→ D⊗ ΩAg,N
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defines TAg,N → EndOAg,N (D) which, together with the above exact sequence,
gives the Kodaira-Spencer isomorphism
TAg,N ∼→ HomOAg,N (E,D/E) .
Let κ be an element of X+(Tg), and denote by Vκ the universal representation
of highest weight κ. Then one can obtain the associated locally free sheaf Dκ on
Ag,N whose rank is denoted by d(Dκ). Furthermore, for h ∈ Z, put
D(κ,h) = Dκ ⊗ det(E)⊗h
which is also a locally free sheaf on Ag,N with rank d(Dκ).
Definition 2.2. Let R be a Z [1/N, ζN ]-algebra. Then for κ ∈ X+(Tg) and
h ∈ Z, we put
N(κ,h)(R) = H0
(Ag,N ⊗ R,D(κ,h)) ,
and call these elements nearly Siegel modular forms over R of weight (κ, h) (and
degree g, level N). More generally, for an R-module M , we call
N(κ,h)(M) = H0
(Ag,N ⊗ R,D(κ,h) ⊗R M) .
the space of nearly Siegel modular forms with coefficients in M of weight (κ, h).
Theorem 2.3. The R-module N(κ,h)(R) is finitely generated.
Proof. Let ι : Ag,N →֒ A∗g,N be the natural inclusion. Then by [11, Theorem
3], ι∗
(
D(κ,h)
)
is a coherent sheaf on Ag,N , and hence
N(κ,h)(R) = H0
(A∗g,N ⊗ R, ι∗ (D(κ,h)))
is a finitely generated R-module. 
As in 2.5, let {ωi | 1 ≤ i ≤ g} be the canonical basis of the Mumford’s abelian
scheme. Then there exist ηi (1 ≤ i ≤ g) such that
∇(ωi) =
g∑
j=1
dqij
qij
ηj ,
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and {ωi, ηi | 1 ≤ i ≤ g} gives a basis of D over Ag,N . By using this basis, one has
a trivialization of Dκ over Ag,N and that of det(E) by ω1 ∧ · · · ∧ ωg. Therefore,
there exists the Fourier expansion map
Fc : N(κ,h)(M)→
(Rg,N ⊗Z[1/N,ζN ] M)d(Dκ)
which is obtained as the evaluation map on the Mumford’s abelian scheme.
Theorem 2.4. The Fourier expansion map Fc satisfies the following q-
expansion principle: If M ′ is an R-submodule of M and f ∈ N(κ,h)(M) satisfies
Fc(f) ∈
(Rg,N ⊗Z[1/N,ζN ] M ′)d(Dκ) ,
then f ∈ N(κ,h)(M ′).
Proof. The proof goes in the same way to that of [15, Theorem 2]. Since Ag,N
is smooth over Z [1/N, ζN ], D(κ,h) ⊗ R is flat over R, and hence Nκ is left-exact
in M . Therefore, to prove the assertion, it is enough to show the injectivity
of Fc. Let P be a point on Ag,N , and Spec(A) be an open neighborhood of P
in Ag,N . Then by the properties of Ag,N mentioned above, Spec(A) is smooth
over Z [1/N, ζN ], and its geometric fibers are all irreducible. Since the morphism
Spec (Rg,N)→ Ag,N associated with Mumford’s abelian scheme is dominant over
any geometric fiber of Spec (Z [1/N, ζN ]), the induced morphism
Spec (Rg,N)×Ag,N Spec(A)→ Spec(A)
also has the same property. Put
Spec
(Rg,N/A) = Spec (Rg,N)×Ag,N Spec(A).
Then by the Chinese remainder theorem, for any ideal I of Z [1/N, ζN ],
A⊗ (Z [1/N, ζN ] /I)→Rg,N/A ⊗ (Z [1/N, ζN ] /I)
is injective. Since A and Rg,N/A are flat Z [1/N, ζN ]-modules, if M is a finitely
generated Z [1/N, ζN ]-module, then A⊗M →Rg,N/A⊗M is injective. Hence this
property holds for any Z [1/N, ζN ]-module M because any Z [1/N, ζN ]-module is
the inductive limit of finitely generated Z [1/N, ζN ]-modules, and tensor product
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commutes with inductive limits. We may assume that D(κ,h) is trivialized on
Spec(A⊗R), and hence(
D(κ,h)|Spec(A⊗R)
)⊗R M → (Rg,N/A ⊗M)d(Dκ)
is injective for any R-module L. Therefore, any f ∈ N(κ,h)(M) satisfying that
Fc(f) = 0 vanishes around any point P on Ag,N , and hence f = 0. 
Theorem 2.5. Let R be a Z [1/N, ζN ]-algebra, and f be an element of
N(κ,h)(R). Then for an extended test object α˜ over R associated with a point α
on Ag,N , the evaluation f (α˜) of f at α˜ belongs to Rd(Dκ).
Proof. This assertion directly follows from the definition of nearly Siegel
modular forms and their rationality. 
3. Arithmeticity in the analytic case
3.1. Differential operator. First, we recall Shimura’s differential operator.
Let R be a Q-algebra, and identify the 2-fold symmetric tensor product Sym2(Rg)
of Rg with the R-module of all symmetric g×g matrices with entries in R. For a
positive integer e, let Se
(
Sym2(Rg), Rd
)
be the R-module of all polynomial maps
of Sym2(Rg) into Rd homogeneous of degree e. For a rational homomorphism
ρ : GLg → GLd, let ρ ⊗ τ e and ρ ⊗ σe be the rational homomorphisms over R
given by
GLg(R) = AutR(R
g)→ AutR
(
Se
(
Sym2(Rg), Rd
))
which are defines as
[(ρ⊗ τ e) (α)(h)] (u) = ρ(α)h (tα · u · α)
and
[(ρ⊗ σe) (α)(h)] (u) = ρ(α)h (α−1 · u · tα−1)
respectively for α ∈ GLg(R), h ∈ Se
(
Sym2(Rg), Rd
)
, u ∈ Sym2(Rg). In partic-
ular, for α ∈ GLg, τ e(α) (resp. σe(α)) consists of polynomials of entries of α
(resp. α−1). Furthermore, let
θe : Se
(
Sym2(Rg), Se
(
Sym2(Rg), Rd
))→ Rd
be the contraction map defined in [26, 14.1] as θe(h) =
∑
i h (ui, vi), where {ui}
and {vi} are dual basis of Sym2 (Rg) for the pairing (u, v) 7→ tr(uv), namely
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tr(uivj) is Kronecker’s delta δij . Then θ
e is GLg-equivariant for the representa-
tions ρ⊗ σe ⊗ τ e and ρ.
Let f be a Cd-valued smooth function of Z = (zij)i,j = X +
√−1Y ∈ Hg.
Then following [26, Chapter III, 12], define S1
(
Sym2(Cg),Cg
)
-valued smooth
functions (Df)(u), (Cf)(u)
(
u = (uij)i,j ∈ Sym2(Cg)
)
of Z ∈ Hg as
(Df)(u) =
∑
1≤i≤j≤g
uij
∂f
∂(2π
√−1zij)
,
(Cf)(u) = (Df)
((
Z − Z)u (Z − Z)) ,
and define Se
(
Sym2(Cg),Cg
)
-valued analytic functions Ce(f), Deρ(f) of Z ∈ Hg
as
Ce(f) = C
(
Ce−1(f)
)
,
Deρ(f) = (ρ⊗ τ e)
(
Z − Z)−1Ce (ρ (Z − Z) f) .
It is shown in [26, Chapter III, 12.10] that if f satisfies the ρ-automorphic con-
dition for Γ(N), then Deρ(f)(u) satisfies the ρ⊗ τ e-automorphic condition.
Remark 1. The above Deρ becomes
(
2π
√−1)−e times Shimura’s original op-
erator given in [26].
Let u1, ..., ug be the standard coordinates on C
g, and αi, βi (1 ≤ i ≤ g) be
relative 1-forms on XZ (Z = (zij) ∈ Hg) given by
αi
(
g∑
j=1
ajej +
g∑
j=1
bjzj
)
= ai, βi
(
g∑
j=1
ajej +
g∑
j=1
bjzj
)
= bi
for each aj , bj ∈ R, where ej = (δij)1≤i≤g and zj = (zj1, ..., zjg). Since αi, βi have
constant periods for all XZ , ∇(αi) = ∇(βi) = 0. Furthermore, one has
dui = αi +
g∑
j=1
zijβj , dui = αi +
g∑
j=1
zijβj
which implies that
t(du1, ..., dug) ≡
(
Z − Z) · t(β1, ..., βg) mod (H0,1 (X /Hg)) .
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Then
ωi = d log(xi) = 2π
√−1dui (1 ≤ i ≤ g),
and hence
∇(ωi) = 2π
√−1∇(dui) = 2π
√−1
g∑
j=1
dzij · βj = 2π
√−1
g∑
j=1
dqij
qij
βj
which implies
ηi = βi (1 ≤ i ≤ g).
The following proposition was obtained by Harris [12, Section 4] substantially,
and shown by Eischen [6, Proposition 8.5] in the unitary modular case.
Proposition 3.1. Let π : X → Hg be the family of complex abelian
varieties given by
π−1(Z) = XZ = Cg/(Zg + Zg · Z) (Z ∈ Hg).
Then Deρ is obtained from the composition
Eρ → Eρ ⊗
(
Ω1Hg
)⊗e
→ Eρ ⊗
(
Sym2
(
π∗
(
Ω1X/Hg
)))⊗e
.
Here the first map is given by the Gauss-Manin connection
∇ : H1DR (X /Hg)→ H1DR (X /Hg)⊗ Ω1Hg
together with the projection H1DR (X /Hg)→ π∗
(
Ω1X/Hg
)
derived from the Hodge
decomposition
H1DR (X /Hg) ∼= H1,0 (X /Hg)⊕H0,1 (X /Hg) = π∗
(
Ω1X/Hg
)
⊕ π∗
(
Ω1X/Hg
)
,
and the second map is given by the Kodaira-Spencer isomorphism
Ω1Hg
∼= Sym2
(
π∗
(
Ω1X/Hg
))
.
Proof. We regard a Cd-valued smooth function f of Z ∈ Hg with ρ-
automorphic condition as a smooth section of Eρ under the trivialization given
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by the basis {du1, ..., dug} of H1,0 (X /Hg). Furthermore, denote by f ′ the associ-
ated Cd-valued smooth function of Z under the trivialization given by the basis
of H1,0 (X /Hg) which is derived from {β1, ..., βg}. Then f ′ = ρ
(
Z − Z) f and
∇(βi) = 0. Since dzij corresponds to 2π
√−1(duiduj) under the Kodaira-Spencer
isomorphism,
(Dρf)|uij=βiβj = ρ
(
Z − Z)−1C (ρ (Z − Z) f) |uij=βiβj
= ρ
(
Z − Z)−1∇(f ′) mod (H0,1 (X /Hg))
= ∇(f) mod (H0,1 (X /Hg)) ,
and hence the assertion follows from the induction on e. 
Let κ ∈ X+(Tg) be as above. Then the Gauss-Manin connection gives
Dκ → Dκ ⊗
(
Ω1Ag,N
)e
.
This, together with the Kodaira-Spencer isomorphism
Ω1Ag,N
∼= Sym2
(
π∗
(
Ω1X/Ag,N
))
,
gives rise to
Dκ → Dκ ⊗
(
Sym2
(
π∗
(
Ω1X/Ag,N
)))e
which we denote by Deκ.
Proposition 3.2. Let ρ : GLg → GLd be the rational homomorphism
associated with Wκ. Then via the projection H
1
DR (X /Hg)→ π∗
(
Ω1X/Hg
)
derived
from the Hodge decomposition, Deκ gives Deρ.
Proof. This assertion follows from Proposition 3.1. 
3.2. Nearly holomorphic modular forms. We recall the definition of
nearly holomorphic Siegel modular forms by Shimura.
Definition 3.3. Let R be a Z [1/N, ζN ]-subalgebra of C. A C
d-valued
smooth function f of Z = X +
√−1Y ∈ Hg is defined to be nearly holomorphic
over R if f has the following expression
f(Z) =
∑
T
q
(
T, π−1Y −1
) · exp (2π√−1tr(TZ)/N) ,
15
where q (T, π−1Y −1) are vectors of degree d whose entries are polynomials over
R of the entries of (4πY )−1. For a rational homomorphism ρ : GLg → GLd over
R, denote by N holρ (R) the R-module of all Cd-valued smooth functions which are
nearly holomorphic over R with ρ-automorphic condition for Γ(N). Call these
elements nearly holomorphic Siegel modular forms over R of weight ρ (and degree
g, level N).
Theorem 3.4. Let R be a Z [1/N, ζN ]-subalgebra of C, and ρ : GLg → GLd
be a rational homomorphism over R associated with Wκ−h(1,...,1) for κ ∈ X+(Tg),
h ∈ Z. Then there exists a natural R-linear isomorphism
Φ : N(κ,h)(R)→ N holρ (R).
Consequently, N holρ (R) is a finitely generated R-module, and
N holρ (R)⊗R C = N holρ (C).
Proof. The last assertion follows from the existence of Φ, Theorem 2.3 and
that N(κ,h)(R)⊗RC = N(κ,h)(C). Therefore, we will show the existence of Φ with
required property. Since H0,1 (X /Hg) is an anisotropic subspace of H1DR (X /Hg),
as is seen in 2.1, the projection H1DR (X /Hg) → H1,0 (X /Hg) gives rise to the
homomorphism Dκ → Eκ on Ag,N(C), and hence one has the C-linear map
Φ : N(κ,h)(C)→ N holρ (C).
First, we show that Φ
(N(κ,h)(R)) ⊂ N holρ (R) and Φ is injective. Since
dui − dui = 2
√−1
g∑
j=1
Im(zij)βj ,
if we put W = (wij)i,j = Im(Z)
−1, then
ηi = βi =
1
2π
√−1
g∑
j=1
wij (dui − dui) .
Let Xij (1 ≤ i, j ≤ 2g) be the variables corresponding to ei ⊗ ej , where
ei =
{
ωi (1 ≤ i ≤ g),
ηi−g (g + 1 ≤ i ≤ 2g).
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Then under the trivialization of det(E)⊗h by (ω1∧· · ·∧ωg)⊗h, each f ∈ N(κ,h)(C) is
expressed as a polynomial of Xij (1 ≤ i, j ≤ 2g) over the ring OholHg of holomorphic
functions of Z ∈ Hg. Therefore, Φ(f) is a polynomial of Xij (1 ≤ i, j ≤ g) over
the ring of smooth functions on Hg which is obtained from f by substituting
eg+i =
1
2
√−1
g∑
j=1
wij
(
ωj
2π
√−1 − duj
)
=
g∑
j=1
(
wij
−4πωj −
wij
2
√−1duj
)
,
and putting dui = 0. This process maps Xij (1 ≤ i, j ≤ 2g) to
Xij (i, j ≤ g),
g∑
k=1
wi−g,k
−4π Xkj (i > g, j ≤ g),
g∑
l=1
wj−g,l
−4π Xil (i ≤ g, j > g),
g∑
k,l=1
wi−g,k
−4π
wj−g,l
−4π Xkl (i > g, j > g),
where wi,j denotes wij, and hence Φ
(N(κ,h)(R)) ⊂ N holρ (R). Furthermore, if
the images of Xij and Xkl (1 ≤ i, j, k, l ≤ 2g) have a common nonzero term,
then Xij = Xkl. Therefore, since the functions wij (1 ≤ i, j ≤ g) on Hg are
algebraically independent over OholHg , Φ(f) = 0 implies that f = 0. This means
the injectivity of Φ.
Second, we show that Φ is surjective. Let f be an element of N holρ (R). Then
by a result of Shimura [26, 14.2. Proposition], if a non-zero element ψ ofMa(C)
has a sufficiently large weight a, then there are positive integers n, e1, ..., en and
gei ∈ Mρ⊗σei (C) such that
f · ψ =
n∑
i=1
(
θei ◦Deiρ⊗σei
)
(gei) .
As seen in 2.1, Eρ⊗σei becomes a direct summand of D(κ⊗σei ,h) over C as its
holomorphic part, and hence gei can be regarded as a global section of D(κ⊗σei ,h)
over C. This implies that
n∑
i=1
(
θei ◦ Deiρ⊗σei
)
(gei)
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is a global section of D(κ,h) ⊗ det(E)⊗a over C whose image by Φ becomes f · ψ.
Therefore, there exists a meromorphic section f ′ of D(κ,h) over Ag,N(C) such
that Φ(f ′) = f and that f ′ is regular outside the divisor given by ψ = 0. By
the injectivity of Φ, f ′ is independent of the choice of ψ. We will show that
f ′ is regular on Ag,N . Since ω∗ is ample on A∗g,N , there are positive integers
c (: sufficiently large) and d such that (ω∗)⊗c gives rise to a closed immersion
ι : A∗g,N →֒ Pd and that ι∗ (OPd(1)) ∼= (ω∗)⊗c. Under the representation of points
on Pd by homogeneous coordinates [x0 : · · · : xd], one has ι∗(xi) ∈ Mc(C).
Then by putting ψ = ι∗(xi), one can see that f
′ is regular where ι∗(xi) 6= 0,
and hence f ′ is regular on the whole Ag,N . Since the Fourier coefficients of
Φ(f ′) = f ∈ N holρ (R) are polynomials over R of Xij and wij/(4π) (1 ≤ i, j ≤ g),
those of f ′ ∈ N(κ,h)(C) are polynomials over R of Xij (1 ≤ i, j ≤ 2g), and hence
by Theorem 2.4, one has f ′ ∈ N(κ,h)(R). 
Theorem 3.5. Let R be a Z [1/N, ζN ]-subalgebra of C, and ρ : GLg → GLd
be a rational homomorphism over R associated with Wκ−h(1,...,1) as in Theorem
3.4. Let α˜ be a test object over R corresponding to a CM abelian variety X, and
assume that one can extend the basis of Ω1X/R to a basis of H
1(X/R) which gives
a projection H1(X/R)→ Ω1X/R compatible with the action of End(X). Then for
any f ∈ N holρ (R), the evaluation f (α˜) of f at α˜ belongs to Rd.
Proof. This assertion follows from Theorems 2.5 and 3.4. 
4. Arithmeticity in the p-adic case
4.1. p-adic modular forms. According to [25], we consider p-adic modular
forms as limits of modular forms defined in 2.4. In what follows, fix a prime p not
dividing N ≥ 3, and a p-adic field, i.e., a finite extension K of Qp. Furthermore,
assume that K contains ζN . Then the valuation ring RK of K contains 1/N and
ζN . Fix a generator π of the maximal ideal of RK , and put Rm = RK/(π
m) for
positive integers m.
Weights of vector-valued p-adic Siegel modular forms over RK are defined as
continuous homomorphisms ρ : GLg(Zp)→ GLd(RK) such that there are rational
homomorphisms ρk : GLg → GLd over RK with ρ = limk ρk which means that
ρk converge to ρ uniformly on GLg(Zp). Then ρ(α) mod(π
m) (α ∈ GLg(Zp)) is
given by a rational homomorphism GLg → GLd over Rm which we denote by
ρ(m). Denote by Wd(RK) the set of these weights.
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For ρ = limk ρk ∈ Wd(RK), a sequence {fk}k of fk ∈ Mρk(RK) is a Cauchy
sequence if the following condition holds: for each m, there is a positive integer
k(m) such that if k ≥ k(m), then ρ ≡ ρk mod(πm) and the image of fk by
the reduction map Mρ(RK) → Mρ(m)(Rm) is independent of k. Two Cauchy
sequences {fk ∈Mρk(RK)}k and
{
f ′k ∈Mρ′k(RK)
}
k
with ρ = limk ρk = limk ρ
′
k
are called equivalent if the images of fk and f
′
k in Mρ(m)(Rm) have the same
limit for any positive integer m.
Definition 4.1. Let K be a p-adic field, and ρ = limk ρk ∈ Wd(RK) be a
weight over the valuation ring RK of K. Then the RK-moduleMρ(RK) of p-adic
Siegel modular forms over RK of weight ρ (and degree g, level N) is defined as
the equivalence classes of the above Cauchy sequences. We also put
Mρ(K) =Mρ(RK)⊗K
whose elements f = limk fk (fk ∈Mρk(K)) are called p-adic Siegel modular
forms over K of weight ρ (and degree g, level N).
Let c be a 0-dimensional cusp on A∗g,N . Then there are trivializations over
Spec (Rg,N ⊗Rm) = Spec
(Rg,N ⊗Z[1/N,ζN ] Rm):
Eρ(m) ×Ag,N⊗Rm Spec (Rg,N ⊗Rm) = (Rg,N ⊗ Rm)d
compatible with m, from which one has the Fourier expansion map
Fc :Mρ(K)→
(Rg,N ⊗Z[1/N,ζN ] K)d
as Fc(f) = limk Fc (fk). By the q-expansion principle, Mρk(RK) consists of
elements of Mρk(K) with Fourier coefficients in RK , and hence
Mρ(RK) =
{
f ∈Mρ(K)
∣∣∣ Fc(f) ∈ (Rg,N ⊗Z[1/N,ζN ] RK)d} .
It is clear that if ρ is a rational homomorphism, then there are natural inclusions
Mρ(RK) →֒ Mρ(RK) and Mρ(K) →֒ Mρ(K).
4.2. Igusa tower. We give a description of vector-valued p-adic Siegel
modular forms as automorphic functions on the Igusa tower. A similar consid-
eration is given by Hida [14]. Let Um be the ordinary locus of Ag,N ⊗Rm which
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is a nonempty open subset, and hence is irreducible. Denote by X the universal
abelian scheme over Um. Then the maximal e´tale quotient X [pn]et of
X [pn] = Ker (pn : X → X )
is an e´tale sheaf on Um of free (Z/(p
n))-modules of rank g, and hence one has
the associated monodromy representation
µm,n : π1 (Um)→ GLg (Z/(pn)) .
Then by a result of Chai and Faltings [8, Chapter V, 7.2], µm,n is surjective, and
hence by the irreducibility of Um, the Galois covering Tm,n of Um associated with
Ker (µm,n) is irreducible. The system {Tm,n}m,n is called the Igusa tower which
satisfies that
Tm+1,n ⊗Rm ∼= Tm,n.
In particular, Tm+1,m+1 ⊗Rm is a Galois covering of Tm,m with Galois group
Ker
(
GLg
(
Z/(pm+1)
)→ GLg (Z/(pm))) .
Then an RdK-valued function on {Tm,m}m is defined as a set of elements
φm ∈ H0
(
Tm,m,OTm,m ⊗ (Rm)d
)
such that the restriction of φm+1 to Tm+1,m+1 ⊗ Rm is reduced to φm under
the projection Tm+1,m+1 ⊗ Rm → Tm,m ⊗ Rm. Furthermore, the ρ-automorphic
condition means that
ρ(m)(α) · α(φm) = φm
for any α ∈ GLg(Zp). As seen in 2.5, for a 0-dimensional cusp c on A∗g,N , the
Mumford uniformization theory gives the associated principally polarized abelian
scheme Xc with symplectic level N structure over Rg,N . Since any geometric fiber
of Xc ⊗Z[1/N,ζN ] Rm is ordinary, Xc gives rise to a principally polarized abelian
scheme with symplectic level N structure over {Tm,m}, and the Fourier expansion
map Fc on Mρ(R) becomes the evaluation on this abelian scheme. Then the
following characterization of p-adic Siegel modular forms is given in [15, Theorem
4]:
The RK-module Mρ(RK) of p-adic Siegel modular forms over RK of weight
ρ consists of RdK-valued functions φ = {φm} on the Igusa tower {Tm,m} with
ρ-automorphic condition that
Fc (α(φ)) = ρ(α)
−1 · Fc(φ),
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where α ∈ GLg(Zp) acts on Mρ(RK) via its action on {Tm,m}.
4.3. p-adic differential operator. We give a p-adic counterpart of
Shimura’s differential operator.
Proposition 4.2. Denote by RK the valuation ring of a p-adic field K
containing ζN .
(1) For each weight ρ ∈ Wd(RK), there exists an RK-linear map
Dep,ρ :Mρ(RK)→Mρ⊗τe(RK)
which is defined inductively as
Fc
(
Dep,ρ(f)
)
=
∑
1≤i≤j≤g
qij
∂Fc
(
De−1p,ρ (f)
)
∂qij
for each f ∈Mρ(RK). We extend Dep,ρ to a K-linear map
Mρ(K)→Mρ⊗τe(K)
which we denote by the same symbol.
(2) Let U be the formal scheme given by the inverse limit of Um, and let
π : X → U be the canonical family of abelian schemes. Then for each rational
homomorphism ρ : GLg → GLd over RK, Dep,ρ is obtained from the composition
Eρ → Eρ ⊗
(
Ω1U
)⊗e → Eρ ⊗ (Sym2 (π∗ (Ω1X/U)))⊗e .
Here the first map is given by the Gauss-Manin connection
∇ : H1DR (X /U)→ H1DR (X /U)⊗ Ω1U
together with the projection H1DR (X /U)→ π∗
(
Ω1X/U
)
derived from the unit root
splitting of H1DR (X /U) (cf. [20, 1.11]), and the second map is given by the
Kodaira-Spencer isomorphism Ω1U
∼= Sym2
(
π∗
(
Ω1X/U
))
.
Proof. First, we prove (1). Recall that Xc denotes the principally polarized
abelian scheme with symplectic level N structure over Rg,N which is associated
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with a 0-dimensional cusp c. Then it is known (cf. [8, Chapter III, 9]) that the
Kodaira-Spencer isomorphism gives
dqij
qij
↔ ωiωj = dxi
xi
dxj
xj
(1 ≤ i, j ≤ g)
for Xc, and hence Dep,ρ(f) is an Se
(
Sym2 (RgK) , R
d
K
)
-valued function on the Igusa
tower with ρ-automorphic condition. Therefore, by the characterization of p-adic
modular forms given in 4.2, Dep,ρ(f) ∈Mρ⊗τe(RK).
Second, we prove (2). Let
H1DR (X /U) = π∗
(
Ω1X/U
)⊕ UX/U
be the unit root splitting, where UX/U denotes the unit root subspace for the
Frobenius action. Then as is shown in [20, (1.12.7) Key Lemma] and [6, Lemma
5.9], from the description of UX/U for the abelian scheme over U given by Xc, the
derivation Dij = qij∂/∂qij satisfies that
∇(Dij)
(
π∗
(
Ω1X/U
)) ⊂ UX/U .
Therefore, identifying f ∈Mρ(RK) and its Fourier expansion, one has
∇(f) =
∑
1≤i≤j≤g
∇ (Dij(f))
(
dxi
xi
)(
dxj
xj
)
=
∑
1≤i≤j≤g
qij
∂f
∂qij
(
dxi
xi
)(
dxj
xj
)
mod
(
UX/U
)
,
and hence
Dp,ρ(f) =
∑
1≤i≤j≤g
qij
∂f
∂qij
.
This implies (2) by the induction on e. 
Remark 2. Let
φ : Kd ∼= HomK
(
K,Kd
)→ Sg (Sym2 (Kg) , Kd)
be the K-linear map induced from the determinant map Sym2 (Kg)→ K. Then
φ is GLg-equivariant for the representations ρ⊗det⊗2 and ρ⊗τ g , and the pullback
by φ gives rise to a p-adic differential operator
θ :Mρ(K)→Mρ⊗det⊗2(K).
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This is called the theta operator which sends f with Fourier expansion∑
T
a(T )qT/N
to θ(f) with Fourier expansion
∑
T a(T ) det(T/N)q
T/N . This operator was stud-
ied by Bo¨cherer and Nagaoka [2, 3, 4].
4.4. Correspondence between nearly and p-adic modular forms.
Let k be a subfield of C containing ζN . A CM point over k associated with an
abelian variety X is called a p-ordinary CM point if X has good and ordinary
reduction at a fixed place of k lying above p.
Theorem 4.3. Let K be a p-adic field containing k, and ρ : GLg → GLd be
a rational homomorphism over k ∩ RK . Then there exists uniquely an injective
k-linear map
ιp : N holρ (k)→Mρ(K)
such that for any f ∈ N holρ (k) and any extended test object α˜ over k′ ⊃ k
associated with a p-ordinary CM point α on Ag,N(k′),
f (α˜) = ιp(f) (α˜)
as an element of (k′)d.
Proof. We prove the assertion by constructing ιp and showing its properties.
Construction of ιp: Let hp−1 denote the generalized Hasse invariant which
is the unique Siegel modular form over Fp of degree g, weight p − 1 and level
1 whose Fourier expansion is the constant 1. Then by the ampleness of ω∗ on
A∗g,N , there is a positive integer a and
ψ ∈M(p−1)a (k ∩RK) = H0
(
A∗g,N ⊗ (k ∩ RK) , (ω∗)(p−1)a
)
whose reduction is (hp−1)
a. Let f be an element of N holρ (k). Then by [26,
14.2. Proposition], taking a sufficiently large positive integer b, there are positive
integers n, e1, ..., en and gei ∈Mρ⊗σei (k) such that
f · ψb =
n∑
i=1
(
θei ◦Deiρ⊗σei
)
(gei) .
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Then using Proposition 4.2, we put
ιp(f) = ψ
−b
n∑
i=1
(
θei ◦Deip,ρ⊗σei
)
(gei)
which is well defined since ψ is invertible as a p-adic modular form over RK .
Preserving p-ordinary CM values for ιp: Consider H
1
DR(X/k
′) for the
abelian variety X over k′ corresponding to α. Then it is shown that in [20,
(5.1.27) Key Lemma] that the decomposition
H1DR(X/k
′) = H1DR(X/k
′)+ ⊕H1DR(X/k′)−; H1DR(X/k′)+ = Ω1X/k′ ,
which is stable under the action of End(X), gives rise to the Hodge decomposition
and unit root splitting of H1DR(X/k
′)⊗ (Kk′). Therefore, by the construction of
ιp, the evaluation of f and ιp(f) at α˜ are equal.
Well-definedness and uniqueness of ιp: This is derived from the following
fact: Let R be a complete discrete valuation ring whose residue field R/mR is
an algebraically closed field of characteristic p, and X0 be a principally polarized
ordinary abelian variety of dimension g over R/mR. Then by Serre-Tate’s local
moduli theory (cf. [22, Appendix] and [14, 8.2]), the liftings of X0 as principally
polarized abelian schemes over R are parametrized by the multiplicative group
G(R) = HomZp
(
Sym2 (Tp(X0)) , Ĝm(R)
) ∼= (1 +mR)g(g+1)/2 ,
where Tp(X0) ∼= Z⊕gp denotes the p-adic Tate module of X0. Furthermore, by
the assumption that p is prime to N , any symplectic level N structure on X0
can be lifted uniquely to that on its liftings. In this parametrization, the lifting
of X0 corresponding to the identity element is called the canonical lifting X
can,
and the liftings over R [ζpn] corresponding to torsion points on G are called the
quasi-canonical liftings. Then as is shown in [22, Appendix], the canonical lifting
is the unique lifting of X0 such that all endomorphisms of X0 lift to X
can, and
the quasi-canonical liftings of X0 are mutually isogeneous, hence of CM type.
Since 1 ∈ G is a limit point of the set of torsion points on ⋃nG (R[ζpn]), by
the p-adic Weierstrass preparation theorem, a p-adic function on
⋃
nG (R[ζpn])
vanishing at all ordinary CM points becomes 0.
Injectivity of ιp: This follows from that the Hecke orbit of a point is dense
in Ag,N(C) in the usual topology. 
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Let R be a Z [1/N, ζN ]-subalgebra of a p-adic field K, and ρ : GLg → GLd be
the rational homomorphism over R associated with Wκ−h(1,...,1) for κ ∈ X+(Tg),
h ∈ Z. Since the canonical perfect pairing
H1DR (X /U)×H1DR (X /U)→ H2DR (X /U)
is equivariant for the Frobenius action, the unit root subspace UX/U is anisotropic
in H1DR (X /U). Hence by the associated projection H1DR (X /U) → π∗
(
Ω1X/U
)
,
one has an R-linear map
Φp : N(κ,h)(R)→Mρ(K).
Theorem 4.4. Assume that R ⊂ C. Then Φp satisfies Φp = ιp ◦ Φ, and it
is injective.
Proof. This assertion follows from the construction and injectivity of ιp
shown in Theorem 4.3, and the injectivity of Φ shown in Theorem 3.4. 
4.5 Siegel-Eisenstein series. Let χ be a Dirichlet character modulo a
positive integer M , and define the Siegel-Eisenstein series as a function of Z =
X +
√−1Y ∈ Hg as
Eh(Z, s, χ) = det(Y )
s
∑
γ∈(P∩Γ0(M))\Γ0(M)
χ (det(Dγ)) j(γ, Z)
−h |j(γ, Z)|−2s ,
where
Γ0(M) =
{
γ =
(
Aγ Bγ
Cγ Dγ
)
∈ Sp2g(Z)
∣∣∣∣ Cγ ≡ 0 mod(M)} ,
P =
{(
A B
0 D
)
∈ Sp2g(R)
}
.
Then E(Z, s) is absolutely convergent for Re(s) > (g+1−h)/2 and analytically
continued to the whole complex s plane. It is known (cf. [21, §19]) that
δh (Eh(Z, s, χ)) = π
−gεg(h)Eh+2(Z, s− 1, χ),
where δh is the Maass-Shimura differential operator given by
det
(
Z − Z)((g−1)/2)−h det(1 + δij
2
∂
∂(2π
√−1zij)
)
i,j
det
(
Z − Z)h−((g−1)/2) ,
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and
εg(h) = h
(
h− 1
2
)
· · ·
(
h− g − 1
2
)
.
Furthermore, it is shown in [27] and [16] that if h > g + 1, then Eh(Z, 0, χ) is
a (holomorphic) Siegel modular form of degree g, weight h and level M whose
Fourier coefficients belong to a finite cyclotomic extension k of Q. Therefore, if
s is a nonpositive integer such that h+ 2s > g + 1, then
πgsEh(Z, s, χ) =
−s−1∏
i=0
εg(h + 2s+ 2i)
−1 (δh−2 ◦ δh−4 ◦ · · · ◦ δh+2s) (Eh+2s(Z, 0, χ))
is a nearly holomorphic Siegel modular form of degree g, weight h and level M
which is defined over k. This Fourier expansion is calculated by Feit, Katsurada,
Mizumoto and Shimura [9, 17, 23, 26].
Theorem 4.5. Let N ≥ 3 be a multiple of M , p be a prime not dividing
N . Then for integers h, s satisfying that (g + 1− h)/2 < s ≤ 0,
ιp (π
gsEh(Z, s, χ)) =
−s−1∏
i=0
εg(h+ 2s+ 2i)
−1
∑
T
bh+2s(T ) det(T )
−s
q
T ,
where
Eh+2s(Z, 0, χ) =
∑
T
bh+2s(T )q
T .
Proof. Since
δh =
(
iddet(E)⊗h ⊗ det
) ◦Ddet⊗h,
its p-adic counterpart
(
iddet(E)⊗h ⊗ det
) ◦ Dp,det⊗h is the above theta operator θ
which sends
∑
T a(T )q
T to
∑
T a(T ) det(T )q
T . Then by the construction of ιp
given in the proof of Theorem 4.3,
ιp (π
gsEh(Z, s, χ)) =
−s−1∏
i=0
εg(h+ 2s+ 2i)
−1 · θ−s (Eh+2s(Z, 0, χ))
=
−s−1∏
i=0
εg(h+ 2s+ 2i)
−1
∑
T
bh+2s(T ) det(T )
−s
q
T .
This completes the proof. 
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4.6. Nearly overconvergence. Let (Ag,N)rig be the p-adic rigid analytic
space over RK associated with Ag,N ⊗RK which contains the subspace (Ag,N)ord
associated with the ordinary locus. As in the proof of Theorem 4.3, there are a
positive number a and a lift ψ ∈M(p−1)a(RK) of the ath power of the generalized
Hasse invariant hp−1. Then for t ∈ pQ ∩
[
p−1/(p+1), 1
]
, let (Ag,N)≥trig be the rigid
subspace of (Ag,N)rig defined as the set x ∈ (Ag,N)rig satisfying |ψ(x)|p ≥ ta,
where |p|p = 1/p. Then for κ ∈ X+(Tg), h ∈ Z, there exist natural maps
H0
(
(Ag,N)≥trig,Dκ
)→ H0 ((Ag,N)ord,Dκ)→Mρ(K),
where ρ is associated with Wκ−h(1,...,1), and we denote this composite by ϕt. We
define
N †(κ,h)(RK) =
⋃
t<1
Im(ϕt),
and call this elements nearly overconvergent p-adic Siegel modular forms over
RK of weight (κ, h) (of degree g, level N). Since N(κ,h)(K) = N(κ,h)(RK)⊗RK K,
Φp gives rise to a K-linear map from N(κ,h)(K) into the space
N †(κ,h)(K) = N †(κ,h)(RK)⊗RK K
of nearly overconvergent p-adic Siegel modular forms over K of weight (κ, h).
Theorem 4.6. Let k be a subfield of C and of K which contains ζN , and
ρ : GLg → GLd be the rational homomorphism over k associated with Wκ−h(1,...,1).
Then the image of
ιp : N holρ (k)→Mρ(K)
is contained in N †(κ,h)(K).
Proof. This assertion follows from Theorems 3.4 and 4.4. 
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